ABSTRACT. We obtain conditions on (R, +) which force that the zero map is the only derivation on a zero-symmetric near-ring R. Throughout the paper we construct several new examples of near-rings which are not rings admitting non-zero derivations, non-zero (σ, σ)-derivations and non-zero (1, σ)-derivations.
Introduction

Throughout this paper R is a left near-ring and Z(R) is the multiplicative center of R. A map d : R → R is called a multiplicative derivation, if d(xy) = xd(y) + d(x)y for all x, y ∈ R. A derivation d on a near-ring R is a group endomorphism on (R, +) which satisfies d(xy) = xd(y) + d(x)y for all x, y ∈ R.
An element x ∈ R is called a left (right) zero divisor in R if there exists a nonzero element y ∈ R such that xy = 0 (yx = 0). A zero divisor is either a left or a right zero divisor. By an integral ring we mean a ring without non-zero zero divisors. A near-ring R is called a constant near-ring, if xy = y for all x, y ∈ R and is called a zero-symmetric near-ring, if 0x = 0 for all x ∈ R. A trivial zero-symmetric near-ring R is a zero-symmetric near-ring such that xy = y for all x ∈ R − {0}, y ∈ R. A near-field R is a near-ring in which (R − {0}, ·) is a group. For any group (G, +), M (G) denotes the near-ring of all maps from G to G with the two operations of addition and composition of maps. M o (G) is the zero-symmetric subnear-ring of M (G) consisting of all zero preserving maps from G to itself. M S (G) = f ∈ M (G) | αf = fα for all α ∈ S is called a centralizer near-ring, where S is a semigroup of endomorphisms of G. If 0 ∈ S, then M S (G) is a zero-symmetric near-ring.
We say that a near-ring R is 0-prime (the usual prime) if, for every two ideals I, J of R, IJ = {0} implies I = {0} or J = {0}. R is 1-prime if, for every two right ideals K, L of R, KL = {0} implies K = {0} or L = {0}. R is 2-prime if, for every two right R-subgroups A, B of R, AB = {0} implies A = {0} or B = {0}. R is 3-prime if, for all x, y ∈ R, xRy = {0} implies x = 0 or y = 0. R is equiprime if, for any a = 0, x, y ∈ R, xca = yca for all c ∈ R implies x = y. The above five kinds of primeness are equivalent in the class of rings. But in the class of near-rings, we have R is equiprime implies that R is zero-symmetric 3-prime, R is 3-prime implies R is 2-prime, R is zero-symmetric 2-prime implies R is 1-prime and R is 1-prime implies R is 0-prime. For details see [8] , [10] , [12] , [13] and [19] .
In this paper we discuss an issue which was observed in almost all published papers in the subject of studying commutativity in near-rings using derivations (see for example [1] , [2] , [3] , [4] , [5] , [6] , [7] , [9] , [14] and [20] ), that is almost all examples given in the literature about non-zero derivations on near-rings are in rings, not in near-rings which are not rings. For that reason, a large part of this paper has been devoted to giving several examples of near-rings which are not rings and have non-zero derivations.
In the last two examples we give a non-zero (σ, σ)-derivation and a nonzero (1, σ)-derivation on a 3-prime near-ring which is not a ring. Also, we show that for each distributive element in both a 2-distributive near-ring and an n * -distributive near-ring we can construct an inner derivation. We prove that a zero-symmetric n-distributive near-ring for every integer n 2 (an n * -distributive near-ring for every integer n 1) is a ring if it has an identity or it is 3-prime. Also, we prove that the zero derivation is the only derivation on a near-ring with a right identity in which the additive group is simple.
The following results are useful in the next section of this paper. 
Existence of derivations on near-rings
In this section we give some new results and examples concerning the existence of derivations in near-rings which are not rings. We begin this section by the following interesting result.
Ä ÑÑ 2.1º A near-ring R admits a multiplicative derivation if and only if it
is zero-symmetric. P r o o f. Let R be a zero-symmetric near-ring. Then the zero map is a derivation on R. Conversely, assume that R has a multiplicative derivation d. By Theorem A, any near-ring can be expressed as the sum
All the works appeared in the literature from 1987 till now concerning commutativity theorems for additive and multiplicative operations in near-rings admitting derivations always assumed the extra condition that near-rings were zero-symmetric. Lemma 2.1 shows that this should be removed.
As a direct consequence of Lemma 2.1, we obtain the following results. n is a derivation on R for every positive integer n".
ÓÖÓÐÐ ÖÝ
In Theorem 2.6 we obtain some conditions on the additive group (R, +) of a zero-symmetric near-ring R which force that the zero map is the only derivation on R. We begin by proving the following lemma.
Ä ÑÑ 2.4º Let R be a near-ring with a derivation d. Moreover, there is a large class of simple near-rings with identity in which every member has only the zero derivation, "for any group G, the transformation near-ring M o (G) is a simple near-ring with identity and has only the zero derivation" by Theorem B and Theorem C.
The conditions "(R, +) has no non-trivial proper subgroups" in Lemma 2.4(i) and "(R, +) is a simple group" and "ker d is an ideal of R" in Lemma 2.4(ii) and (iii), Theorem 2.6 and Theorem 2.7 respectively are essential as the following example shows even for rings.
where C is the field of complex numbers and z is the complex conjugate of z. Then R is a non-commutative division ring (see [15: Exercise III.1.8]). We say that d is an inner derivation on R induced by a ∈ R, if d(x) = xa − ax for all x ∈ R. Let d be the inner derivation on R induced by the element
We give an example of a non-zero idempotent derivation on a finite simple ring with identity which shows also that "ker d is an ideal of R" in Theorem 2.7 is not redundant. 
In the following, we give an easy example of a derivation on a zero symmetric near-ring defined by a left (right) multiplication by a distributive element. 
(ii) (−xy)r = −xyr for all x, y, r ∈ R. P r o o f.
(i) For all r ∈ R, we get 0r + 0r = 00r + 00r = (00 + 00)r = 0r. So 0r = 0 and R is zero-symmetric.
(ii) For all x, y, r ∈ R, we have xyr + (−xy)r = (xy + (−xy))r = 0r = 0. Thus, (−xy)r = −xyr for all x, y, r ∈ R.
As a direct consequence of Lemma 2.8(i) and Lemma 2.1, we obtain the following result.
ÓÖÓÐÐ ÖÝ 2.9º Every 2-distributive near-ring admits a derivation. ÈÖÓÔÓ× Ø ÓÒ 2.10º Let R be a 2-distributive near-ring and a be a distributive
P r o o f. The proof is clear. Now, if we take R is a 2-distributive near-ring which is not a ring, then for any distributive element a ∈ R the map d defined by d(x) = ax − xa for all x ∈ R is a derivation on R by Proposition 2.10 and we call it the inner derivation induced by the element a as the usual in the ring case. Therefore, the class of 2-distributive near-rings which are not rings is a class of near-rings which is very rich by non-zero derivations (see Example 2.4).
ÓÖÓÐÐ ÖÝ 2.11º Let R be a distributive near-ring. Then for all a ∈ R there is an inner derivation induced by a on R.
P r o o f. Since R is distributive, we have the elements of R 2 commute with each other by Theorem D. Thus, R is distributive implies R is 2-distributive. Therefore, every element of R induces an inner derivation on R by using Proposition 2.10.
As shown in [16] , any distributive near-ring is n-distributive for any positive integer n greater than one, but the converse is not true. So the class of n-distributive near-rings is larger than the class of all distributive near-rings.
The following example shows that 2-distributive near-rings with some distributive elements need not be distributive near-rings. Moreover, a special case of the example gives us an example of a non-zero inner derivation induced by a distributive element.
Example 2.4. Let G be any abelian group of order greater than one. Then M o (G) is an abelian near-ring which is not distributive. The set of all distributive
So R is an abelian near-ring which is not distributive. The set of distributive elements dist(R) of R is of the form
Notice that XY Z = 0 for all X, Y, Z ∈ R. In fact, R is 2-distributive, since for all
Now, as a special case take G = Z and the endomorphism f ∈ M o (G) defined by nf = 2n for all n ∈ Z. Define d to be the inner derivation on R induced by the distributive element
Therefore, one can easily shows that d is a non-zero derivation on R.
Now, we add some conditions for 2-distributive and n-distributive near-rings to become rings. Thus, zero-symmetric n-distributive near-rings are not very far from rings. ÈÖÓÔÓ× Ø ÓÒ 2.13º Any 3-prime 2-distributive near-ring is a ring.
Since R is 3-prime, we have (x + y)r = xr + yr and R is a distributive near-ring. Using Definition 2. 
Then R is a ring. P r o o f. The proofs of (i) and (ii) are clear.
(iii) Using Lemma 2.1 and Lemma 2.15, it is sufficient to prove it for a 2-distributive near-ring. The proof is similar to the proof of Proposition 2. Now, we introduce the definition of n * -distributive near-rings to the class of zero-symmetric near-rings.
Notice that the 1 * -distributive near-rings are the distributive near-rings. Therefore, n * -distributive near-rings are the natural generalization of distributive near-rings.
The following example, Remark 2.2 and Example 2.6 show that the n * -distributive near-rings and the n-distributive near-rings are distinct.
Example 2.5. Let G be any non-abelian group and define the near-ring R by the same way in Example 2.4. Then R is a non-abelian 2 * -distributive near-ring which is neither distributive nor 2-distributive.
Ä ÑÑ 2.18º
Let R be an n * -distributive near-ring. Then (i) The elements of R n+1 commute under the operation +.
(ii) R is zero-symmetric. a 1 a 2 . . . a n )a n+1 for all a i ∈ R, i = 1, . . . , n + 1.
On the other hand, we get
Comparing the last two equations, we have
(ii) For all r ∈ R, we get 0r + 0r = 00 . . . 0r + 00 . . . 0r = (00 . . . 0 + 00 . . . 0)r = 0r. So 0r = 0 and R is zero-symmetric.
(iii) From 0 = (a 1 a 2 . . . a n + (−a 1 a 2 . . . a n ))a n+1 , we obtain that −a 1 a 2 . . . . . . a n+1 = (−a 1 a 2 . . . a n )a n+1 for all a i ∈ R, i = 1, . . . , n + 1.
Remark 2.2º
From Lemma 2.18(ii), any n * -distributive near-ring is a zerosymmetric near-ring and from Lemma 2.8(i), any 2-distributive near-ring is zerosymmetric. The next example shows that for n 3, n-distributive near-rings are not necessarily zero-symmetric. Example 2.6. Let (R, +) be the Klein's four group on R = {0, a, b, c} and define the multiplication on R by x0 = xb = 0 and xa = xc = a for all x ∈ R (see [18: Appendix, the near-ring E (22)]). Then R is a left near-ring which is not zerosymmetric. Clearly that 0, b are the only distributive elements in R. Observe that, for all z ∈ {a, c}, x i , y i ∈ R, we have (x 1 y 1 + · · · + x n y n )z = a, but x 1 y 1 z + · · · + x 2n y 2n z = 0 and x 1 y 1 z + · · · + x (2n+1) y (2n+1) z = a for all integer n 1. Therefore, R is (2n + 1)-distributive which is not 2n-distributive for all integer n 1.
ÈÖÓÔÓ× Ø ÓÒ 2.19º Let R be an n * -distributive near-ring. If one of the following conditions
holds, then R is a ring.
. . a n x + a 1 a 2 . . . a n y)z = a 1 a 2 . . . a n xz + a 1 a 2 . . . a n yz and hence a 1 a 2 . . . a n [(x + y)z − yz − xz] = 0 for all a i , x, y, z ∈ R, i = 1, . . . , n. Using R is 3-prime n − 1 times, we have (x + y)z − yz − xz = 0 and so R is a distributive near-ring. From Corollary 2.14(ii), we get that R is a ring.
(
we obtain that R is distributive. Thus, R is a ring by Corollary 2.14(i).
iii) The proof is similar to the proof of (i) by replacing a i by d(c).
ÈÖÓÔÓ× Ø ÓÒ 2.20º Let R be an n * -distributive near-ring with a distributive element a. Then the map d : R → R defined by d(x) = a n x − xa n for all x ∈ R is an inner derivation on R. P r o o f. For all x, y ∈ R and using Lemma 2.18, we have d(x + y) = a n (x + y) − (x + y)a n = a n x + a n y − (xa n + ya n ) = a n x + a n y − ya n − xa n = a n x + a n y + ya n−1 (−a) + xa n−1 (−a) = a n x − xa n + a n y − ya
Remark 2.3º
Let R be a zero-symmetric n-distributive (n * -distributive) nearring and a ∈ R is a distributive element (a ∈ R such that a n is a distributive element). If a / ∈ Z(R) (a n / ∈ Z(R)), then the inner derivation defined in Corollary 2.16 (in Proposition 2.20) is a non-zero inner derivation on R.
ÓÖÓÐÐ ÖÝ 2.21º Let R be an n-distributive (n * -distributive) near-field. Then R is a division ring.
P r o o f. Since any near-field is zero-symmetric, we have that R is a 2-distributive near-field by Lemma 2.15. Therefore, R is a division ring by Proposition 2.13. (Now, for the n * -distributive case, the proof follows directly from Proposition 2.19).
EXISTENCE OF DERIVATIONS ON NEAR-RINGS
Remark 2.4º From Proposition 2.17(ii) and Proposition 2.19(i)
, if a 3-prime near-ring which is not a ring admitting a non-zero derivation, then it must be neither n-distributive nor n * -distributive. Also, by Corollary 2.21, a near-field which is not a division ring must be neither n-distributive nor n * -distributive.
The following two examples show the existence of non-zero non-inner derivations on near-rings which are neither n-distributive nor n * -distributive.
with n ≥ 3. Then R is a zero-symmetric abelian near-ring with 2R = {0}. Denote the elements of R by f y to mean 1f y = y. Moreover, one can shows that R is 1-prime near-ring (see [17: Example 5.28]) which is not 3-prime since
Notice that R is neither n-distributive nor n * -distributive near-ring and so is not a ring by using Lemma 2.15 and Definition 2.2, f 1 f 1 = f 1 and (
for all x, y ∈ Z n and D is an additive endomorphism of (R, +).
for all x ∈ Z n − {1}, y ∈ Z n . Therefore, if n is not a prime number, then D is a non-zero non-inner derivation on the 1-prime near-ring R which is neither n-distributive nor n * -distributive.
Remark 2.5º Example 2.7 can be generalized as the following: Consider G is a non-2-torsion group and R
Denote the elements of R by f y to mean ef y = y. Let D : R → R be an additive map such that D(f y ) = f e for all y ∈ G. By the same argument R is a zero-symmetric near-ring which is neither n-distributive nor n * -distributive and so is not a ring. For all y ∈ G, we get
Therefore, D is a derivation on R. Moreover, by using the details of the generalization of [17: Example 5.28], we deduce that R is a 1-prime near-ring which is not a 3-prime near-ring. Recall that a near-ring R is called 3-semiprime if, for all a ∈ R (aRa = {0} implies that a = 0). It is clear that every 3-prime near-ring is 3-semiprime.
We give two examples of different kinds of near-rings which are not rings. The first near-ring R constructed from a near-field and the second is a near-ring R of matrices and each of them admits a non-zero derivation D such that all the elements of D(R) are left zero divisors in R. for all a, c ∈ dist(N ), b, f ∈ N which implies R is not 3-semiprime and so is not 3-prime.
In the next example, we construct from division rings a class of 3-semiprime near-rings which are not rings. Moreover, each 3-semiprime near-ring of this class admits a non-zero derivation. , bd) and (a, b)(c, d) = (ac, d) if b = 1 and (a, 1)(c, d) = (ac, 1) for all  a, c ∈ D, b, d ∈ D * . Then R is a zero-symmetric near-ring which is not a ring. Let δ 1 be an inner derivation on D induced by a non-central element (that is δ 1 is a non-zero derivation on D). Define δ : R → R by δ((a, b) We can't find an example of a zero-symmetric near-ring R which is not a ring with a non-zero derivation d such that R is either 3-prime or contains an element a such that d(a) is not a left zero divisor in R. But we found a special case of a non-zero (σ, τ )-derivation on either 3-prime near-ring or on a near-ring R such that d(R) contains a non-left zero divisor in R. Before we give these examples, we need the following definition and theorems.
Ò Ø ÓÒ 2.3º Let σ and τ be two endomorphisms on a near-ring R. An The following example shows the existence of a zero-symmetric 3-prime abelian near-ring R with identity which is not a ring and admitting a non-zero
is not a left zero divisor in R for some a ∈ R. Also, R admits a non-zero (1, σ)-derivation h such that all the elements of h(R) are left zero divisors in the 3-prime near-ring R. Moreover, we show that the zero map is the only multiplicative derivation on R, consequently the zero map is the only derivation on R. Finally, we will show that the zero map is the only multiplicative derivation on R. Suppose D : R → R is a non-zero multiplicative derivation on R. Then  D((a, b) ) = (f 1 (a), f 2 (b)) for all a, b ∈ I, where f 1 and f 2 are maps on R. Let (a, b) be a non-zero element of R such that D((a, b) For each integer greater than two and any prime ring, we construct the following example which gives us a class of zero-symmetric 3-prime near-rings which are neither equiprime near-rings nor rings. Moreover, each near-ring R of the class admitting a non-zero (σ, σ)-derivation d such that d(a) is not a left zero divisor in R for some a ∈ R and admitting a non-zero (1, σ)-derivation δ such that all the elements of δ(R) are left zero divisors in R. Also, the zero map is the only multiplicative derivation on any near-ring of the class.
Example 2.14. Let R = I × I × · · · × I = I n , where I is a prime ring with a non-zero derivation D and n is an integer greater than two. Define the addition on R by
and define the multiplication on R by 1 , a 2 , . . . , a n ) = (0, 0, . . . , 0) = 0 and 0(b 1 , b 2 , . . . , b n ) = 0. Then R is a zerosymmetric abelian near-ring which is not a ring. Let σ : R → R be the near-ring endomorphism defined by σ ((a 1 , a 2 , . . . , a n )) = (a 1 , 0, . . . , 0). Then d : R → R defined by d ((a 1 , a 2 , . . . , a n )) = (D(a 1 ), 0 , a 2 , . . . , a n )) = (D(a), 0, . . . , 0) is not a left zero devisor in R. Now, define h : R → R by h ((a 1 , a 2 , . . . , a n )) = (0, a 2 , . . . , a n ). Then h is a non-zero (1, σ)-derivation on R such that all the elements of h(R) are left zero divisors in R (notice that (0, a 2 , . . . , a n )(c, −a 2 c, . . . . . . , −a n c) = 0). Now, R is 3-prime but not equiprime. Indeed, let 0 = x = (a 1 , a 2 , . . . , a n ) and y = (c 1 , c 2 , . . . , c n ) be two elements of R such that xRy = {0}. Using the primeness of I, if a 1 = 0, then 0 = x(t, 0, . . . , 0)y for all t ∈ I implies y = 0 by the same way in Example 2.13. Now, suppose a 1 = 0. Using that 0 = x(0, t, 0, . . . , 0)y and 0 = x(0, 0, . . . , 0, t)y for all t ∈ I, we have c 1 = c 2 = · · · = c n = 0 and R is a 3-prime near-ring. Now, let x, y be two non-zero elements of R such that x = y. Since xz (0, c 2 , . . . , c n ) = yz(0, c 2 , . . . , c n ) = (0, c 2 , . . . , c n ) for all z ∈ R, we have that R is not equiprime.
Finally, suppose D : R → R is a non-zero multiplicative derivation on R. Then D((a 1 , a 2 , . . . , a n )) = (f 1 (a 1 ), f 2 (a 2 ), . . . , f n (a n )), where f i , i = 1, . . . , n are maps in the near-ring M (I). From Lemma 2.24, we obtain f i (0) = 0 for all i = 1, . . . , n. Let x = (a 1 , a 2 , . . . , a n ) and y = (b 1 , b 2 , . . . , b n ) be two elements in R such that D(x) = 0 and b n = 0. By the same argument in Example 2.13 with
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the nth coordinates of D(xy) and xD(y) + D(x)y and putting b 1 = 0, we get b n = 0, a contradiction. Therefore, R does not have any non-zero multiplicative derivation.
Remark 2.6º
We have the following notices about Example 2.13 and Example 2.14.
1) If the ring I in Example 2.13 is a division ring, then every element (a, b) in the near-ring R with a = 0 has the multiplicative inverse (a −1 , −ba −1 ).
2) If the ring I in Example 2.14 has an identity 1, then (1, 0, . . . , 0) is an identity element of the near-ring R. Also, if I is a division ring, then every element (a 1 , a 2 , . . . , a n ) ∈ R with a 1 = 0 has the inverse (a 3) Notice that in Example 2.14 the set S = (0, x 2 , . . . , x n ) | x i ∈ I, i = 2, . . . , n is a subnear-ring of R which is a trivial zero-symmetric near-ring.
4) Observe that in Example 2.14 the near-ring R has the non-zero (1, σ)-derivation δ even the prime ring I does not admit any non-zero derivation.
5) If we change the definition of the multiplication of the near-ring R in Example 2.14 to be (a 1 , a 2 , . . . , a n )(b 1 , b 2 , . . . , b n ) = (a 1 b 1 , a 2 b 1 + b 2 , . . . , a n b 1 + b n ) for all (a 1 , a 2 , . . . , a n ), (b 1 , b 2 , . . . , b n ) ∈ R, then R is a non-zero-symmetric 3-prime near-ring. Notice that R = R o + R c , where R o = (a, 0, . . . , 0) | a ∈ I and R c = (0, c 2 , . . . , c n ) | c i ∈ I, i = 2, . . . , n by Theorem A. Since every constant near-ring is a 3-prime near-ring, we have that R c is a 3-prime near-ring. Also, R o is a prime ring since R o is isomorphic to I as rings.
6) The class of prime rings is too large. Therefore, The class of zero-symmetric 3-prime near-rings which are not equiprime near-rings and hence are not rings constructed in Example 2.14 is too large. But each near-ring in this class has only the zero derivation.
